ABSTRACT Owing to the accuracy and flexibility, mobile advertising has become a very attractive marketing method based on smart mobile terminals. The more common mobile advertisement distribution methods are based on location and content. But most of them donart take into account the limited duration time of mobile users and the timeliness of advertising, which makes mobile advertisement distribution suffer from low propagation efficiency. To make up for this deficiency, we propose the advertisement platformars expected income maximization problem (EIMP), and prove its NP-hardness. As far as we know, EIMP is a combination of the 0-1 multi-dimensional and multiple knapsack problem, which is even harder. In dealing with this difficulty, we fortunately find that this problem could be transformed into a maximizing monotone submodular set function, which is subject to partition matroid constraints. Then we propose a simple but effective greedy algorithm TIMAO (Time-sensitive Mobile Advertisement Offloading) which has a constant approximation ratio of 1/3 to provide a performance guarantee for this issue. Finally, extensive evaluations are conducted. The results show that compared with the random selection method, TIMAO increases the expected income of the platform by about two times. And it achieves 99.2% of the near optimal results obtained by the CPLEX tool-box. Moreover, we propose an important metric, the duty cycle, to evaluate system performance in time domain. The results show that our scheme could increase the time duty cycle by about average 10% compared with the random selection.
I. INTRODUCTION A. BACKGROUNDS AND MOTIVATION
In recent decades, mobile advertising has been getting more and more attention with the rapid development of smart mobile devices. On the basis of the analysis report of eMarketer [1] , mobile advertising takes up for 69.9% of all digital advertising. Besides, 33.9% share of total US advertising cost has been taken up by mobile advertising. And it will replace TV commercials as the main advertising medium for the world's largest advertising market. In addition, the movement trajectories of mobile users and vehicles are
The associate editor coordinating the review of this article and approving it for publication was Petros Nicopolitidis. complex and diverse [2] , [3] , providing a wide range of propagation objects for the mobile advertising. Due to the multifarious offloading mechanisms of the advertising platform such as location-based and content-based mobile advertisement distribution, mobile advertising enables precise delivery and higher incomes. Various sensors in smart devices offer more possibilities for mobile sensing and offloading technologies [4] , [5] . Via GPS or WiFi in the mobile devices, location-based applications could obtain user's accurate location information and then provide user with more accurate advertisements [6] , [7] . In addition, for the goal of increasing the advertisement click ratio and the platform's income, mobile advertising platform could also push more relevant advertisements to users according to user's personal information (e.g. user profile, the historical searching records) [8] - [10] . The diverse interests and demands of users [11] also require the mobile advertisement offloading to be more accurate and satisfying. Nevertheless, these studies only pay attention to the accurate advertisement provision while ignoring the time sensitivity of both mobile users and advertisements. Reference [12] has also considered the coverage problem which was constrained by the budget. It has proposed the definition of the coverage quality but not taken the time factor into account. We have to note that different duration time when user is in the sensing range of POI may result in different coverage qualities. Mobile advertising platform always hopes to increase the attraction of the advertisements and typically pushes dynamic advertisements such as images in gif format or short videos, which will take users some time to watch. Without considering the time sensitivity in mobile advertisement distribution, it can't take full advantage of the user's limited duration time at the infrastructure, making mobile advertising less efficient. To this end, the reward and efficiency should be fully considered at the same time.
Although there are many above-mentioned issues in the mobile advertisement offloading mechanisms, their features as depicted in Fig. 1 should be fully considered to formally describe these issues:
(1) Budget constraint: Optimizing the dissemination of content such as data or advertisement under resourceconstrained conditions is a very important and common problem [13] . Under normal conditions, mobile advertisers always promote advertisements with a certain budget [14] , [15] . Moreover, in the process of propagation, advertisers need to pay a certain fee to the advertising platform to obtain promotion opportunities. However, such fees are usually limited because of the budget constraint of the advertisers. Therefore, the number of advertisements that can be pushed is limited. And it's been more worth exploring that how to push limited advertisements to users with higher interest.
(2) Diverse interests: Users often have diverse points of interest. Therefore, if the advertisement could be matched with user's interest, the effectiveness of the advertisement propagation will be greatly improved. The labels of mobile devices held by users and the keywords in the current browsing page of users could be all regarded as the user's interest points. Then advertising platform could push advertisements that are highly relevant to these interest points to achieve the higher click rate. • Mobile advertisements always have a certain amount of time to be shown.
• Users will selectively accept advertisements and spend time watching them.
• Mobile advertisements could be pushed to the right users during the appropriate user duration time. Due to the richness and diversity of content [16] , dynamic advertisements such as images of gif format or short videos are more attractive to users than static advertisements. It is worth noting that dynamic advertisement will usually spend users time watching. However, the duration time it takes for mobile users to go through the advertising infrastructure is often limited. The duration time refers to the time span in which the user is able to receive advertisements within the infrastructure coverage. Therefore, how to make the collaborative advertising infrastructure more effective to push time-sensitive advertisements to users is also a key issue.
In view of the above three features of mobile advertisement offloading mechanism, we find out how to effectively push time-sensitive mobile advertisement to users with diverse interests in a limited budget. However, solving this problem is not easy due to the following two inherent technical challenges:
• On the one hand, this mobile advertisement offloading issue should take fully into account the userars duration time. And it should consider the userars interest to match the advertisement content at the same time. Whatars more, itars also subject to the advertiserars budget constraints. There are multiple dimensional constraints, which makes this issue even harder than the normal knapsack problem that has proven to be NP hard.
• On the other hand, the pushed advertisements need to adapt to the duration time because of the randomness of user's duration time within the infrastructure coverage. Heuristic algorithms are usually used to deal with this issue, but they have difficulty guaranteeing the performance of advertisement distribution within the polynomial time.
B. CONTRIBUTIONS
In order to formally deal with the aforementioned two challenges, we formalize this problem as EIMP, which means expected income maximization problem of the mobile advertisement platform while considering the budget constraint and time sensitivity. We find that EIMP is a combination of the 0-1 multi-dimensional and multiple knapsack problem and prove its NP-hardness. Fortunately we could leverage the matroid theory to transform EIMP into a maximizing monotone submodular set function subject two partition matroid constraints, which we call EIMP-T. Then a simple but effective greedy algorithm is proposed to obtain the near optimal solution.
To sum up, our main contributions are in the following three parts:
• Ours is the first to combine time sensitivity with mobile advertisement distribution problem. After formalizing this problem as EIMP, we find that it's a multidimensional and multiple knapsack problem which could be proven NP-hard.
• The key point is that we transforms EIMP into a maximizing monotone submoduar set function which is subject to two partition matroid constraints. Then we could obtain relatively exciting results through a simple but effective greedy algorithm TIMAO(Timesensitive Mobile Advertisement Offloading) with a constant approximation ratio of 1/3 and time complexity of O(NK ), where N is the number of users and K is the number of advertisement kinds.
• We make extensive evaluations and the results show that compared with the random selection method, TIMAO increases the expected income of the platform by about two times and achieves 99.2% of the near optimal results obtained by CPLEX tool-box. Moreover, we find our scheme could increase the time duty cycle by about average 10% compared with the random selection.
C. PAPER ORGANIZATION
The rest of this paper is organized as follows. Sec. II summarizes the related research of mobile advertisement distribution. We introduce some preliminaries in Sec. III. And in Sec. IV, we build the mobile distribution system and the model. Then Sec. V presents the problem formulation and its hardness. The feasible solution is proposed in Sec. VI and extensive evaluations are conducted in Sec. VII. Sec. VIII concludes our paper.
II. RELATED WORK A. MOBILE ADVERTISEMENT OFFLOADING MECHANISM
In order to satisfy their own benefit, mobile advertisers always want to make their advertisement popularization more efficient and achieve a higher CTRs (Click Through Rates) with as little budget as possible. Several common advertising offloading mechanisms are introduced as follows:
• Location based offloading mechanism. Based on user's location information, researches [7] , [17] - [19] have studied to distribute location-related mobile advertisements to users for the goal of attracting usersar attention, thereby further increasing the CTRs of the mobile advertisements.
• Content based offloading mechanism. Content-based mobile advertising further exploits user's feature information, such as user profile, browsing history, keywords in the current browsing page and the mobile terminal information. With these features, mobile advertisement distribution could become more accurate [7] , [20] - [23] . However, the goal of these above mentioned offloading mechanisms is to achieve accurate advertisement distribution to increase ad click through rate. But advertiser's budget constraint and the time sensitivity of both advertisements and users have not been taken into account.
B. TIME SENSITIVITY
The meaning of time sensitivity between mobile advertisement and users is shown as follows:
• First of all, mobile advertisement should be distributed to users at the appropriate time [24] - [26] . If a user receives a pushed mobile advertisement while busy, the user may be bored and may result in reduced efficiency of the advertisement distribution. It also analyzes that distribute advertisements such as discount coupons to users when they are entering a store, which also reflects the timing of advertisement distribution.
• Another meaning is the reasonable length of time that mobile advertisements are displayed. Watching the dynamic advertisements will usually take users a certain amount of time. It is also important to control how long an advertisement is, so that users can both understand the content of the advertisement and not be bothered.
Researches [27] has studied the TV advertising with short time slots during the break in the TV programming. References [28] , [29] also investigates the impact of the location of dynamic advertisements on user's browsing page. But they don't mention the match between user's interests and advertisement contents.
C. MOBILE ADVERTISING RECOMMENDATION SYSTEM
The goal of the mobile advertising recommendation system is to push advertisement to the right user to achieve personalized recommendation. The implementation method is to make label for user, and then achieve accurate delivery by matching the advertisement with the label. Therefore, the more user information is mastered, the more probability it is to accurately deliver. A personalized contextualized mobile advertising infrastructure MALCR has been presented in [30] . It utilizes two-level neural network learning to combine with neural network sensitivity analysis and attributebased filtering to achieve this infrastructure. Reference [31] has proposed to learn common context-aware preferences from context logs of many users to mining user's contextaware preferences from insufficient data information.
III. PRELIMINARIES
Firstly, we present the preliminaries of submodular set functon and matroid. They will be more helpful for our next problem transformation and solution.
A. SUBMODULAR SET FUNCTION
We lead in the definition of submodular set function as follows [32] :
is defined on a finite set E. If f () satisfies one of the following equivalent conditions, we say that f () is a submodular function:
From the above definition, we could know that there is a natural diminishing return property as shown in Def. 1 (2) . This means that the difference of adding an element to a set will no greater than the difference of adding the same element to a smaller subset.
Submodular set functions have many types. We pay attention to the monotone submodular function in this paper. In other words, if ∀A ⊆ B ⊆ E, for submodular function f , we have f (A) ≤ f (B).
B. MATROID
In combinatorial mathematics, matroid is a mathematical structure that summarizes and generalizes the concept of linear independence in vector space. There are many equivalent definitions for matroids. The most common way to define them is to use independent sets, bases, circles, closed sets, closed planes, closure operators, or rank functions. We next introduce the matroid definition of independent sets.
Definition 2 (Matroid): A matroid is an ordered pair M = (S, L) that satisfies the following conditions: (1) S is a finite set. (2) L is a family of subsets of S ans non-empty. (3) Hereditary property. ∀X ⊆
There are usually uniform matroid and partition matroid [32] . Their specific definitions are as follows:
Definition 3 (Uniform Matroid): If S is a finite nonempty set and L satisfies L
Definition 4 (Partition Matroid): If S is a finite nonempty set which can be partitioned into n disjoint sets S 1 , S 2 , . . . , S n :
IV. SYSTEM MODEL
As shown in Fig. 2 , there is a mobile distribution system which consists of an advertisement platform and a few users who have mobile devices in hands. There are a number of infrastructures in the area that can receive advertisements from advertising platforms. When users are traveling around them, the infrastructure will push advertisements to them. We use set A = {1, 2, . . . , K } to denote the different kinds of mobile advertisements and set U = {1, 2, . . . , N } to show the mobile users.
The interaction process between users and the mobile advertising platform is described as follows: (2) According to the user's type, the platform will push the corresponding advertisement to the user. Let S i denote the set of advertisements being pushed to user i.
(3) After that user i gets the pushed advertisement set, she will accept it with a certain probability a k i . There is a linear relationship between a k i and p k i . Because user will accept advertisement that she is more interested in.
(1) (4) When user i successfully accepts an advertisement k, When an advertisement k is successfully accepted by user i, the platform will achieve a payment c k from the advertiser and pay r k i to user i for reward. Then the platform's actual income of successfully accepted advertisement k is c k − r k i . Here note that c k ≥ r k i because the platform is always profitable.
And considering advertisements, each advertisement k has a show time τ k . The advertiser always owns a budget β k for advertisement k. Therefore the maximum number of advertisement k that could be pushed is n k = β k c k .
V. FORMULATION AND ANALYSIS A. PROBLEM FORMULATION
We make an assumption that the advertisement order in the pushing set doesn't have impact on user's decision and the advertisements that user has already accepted will not affect the user's subsequent decisions. Then we define our investigated problem below. 
Eq. (2) shows the purpose of EIMP is to maximize the advertisement platform's expected income through finding the pushing advertisement sets S i (i = 1, 2, . . . , N ). As shown in Eq.(3), the total show time of advertisements in S i can't exceed the duration time of user i. And at the same time, the number of advertisements accepted by users can't exceed the maximum number constraint limited by the budget as shown in Eq.( 4).
B. PROBLEM ANALYSIS
It could be found that EIMP seems to be similar to the knapsack problem through an observation of the definition of EIMP.
The common MKP (Multiple Knapsack Problem) refers to assigning m items to n knapsacks, where the knapsacks have different capacities and items own different weights and values. Because there is only one for each item, it can only be assigned to one knapsack. Then the goal of MKP is to find n disjoint sets of items to maximize the total value of items assigned in these n knapsacks while the total weight of items loaded into each knapsack can't greater than the knapsack's capacity. Note that n disjoint sets correspond to item sets assigned to n knapsacks. The characteristics of MKP are there are more than one knapsack while each kind of item is only one. And MKP is a special case of GAP (Generalized Assignment Problem). Reference [33] has proposed the first known approximation algorithm based on LP with an approximation ratio of 2 to slove the GAP.
Multi-dimensional knapsack problem is also a classical problem. In this problem, there is only one knapsack but m items. Each item has multi-dimensional features such as weight, size and value [34] , [35] . To solve multiple knapsack problem, [36] , [37] have set the number of each item to 1 so that the problem is simplified and treated as a 0-1 multiple knapsack problem.
In our proposed problem EIMP, each user could be regarded as a knapsack. Then N knapsacks mean that it's a multiple knapsack problem. Furthermore, each kind of advertisement has not only the show time attribute but also the cost attribute, which further shows it's a multi-dimensional knapsack problem. In summary, EIMP is a typical multidimensional and multiple knapsack problem. Next we will prove that EIMP is NP-hard.
Theorem 1: EIMP is NP-hard. Proof: A simple and intuitive way to prove Theorem 1 is as follows:
(1) First prove that a special case of EIMP is NP-hard.
(2) Then we find another problem that could be reduced to this special case in polynomial time and show this problem is also NP-hard.
A special case of EIMP we called EIMP-S is found: In this case, there is no advertisement budget constraint so that the number of each ad that could be pushed is unlimited. Hence users are independent of each other. We call the independent problem of finding a pushing ad set S i to a single user i as EIMP-S i . Then the special case EIMP-S is a combination of EIMP-S i (i = 1, 2, . . . , N ).
We define EIMP-S i and EIMP-S respectively below: 
Definition 7 (EIMP-S): Use w(i) to replace the Eq.( 5):
Then for all of users in the user set U , the total maximal weight is i∈U w(i)
We could clearly see that EIMP-S i is a classical knapsack problem which already has been proven to be NP-hard. EIMP-S is actually a superposition of N EIMP-S i . If and only if q is a solution of EIMP-S, then q is a solution of EIMP-S i . Moreover, the reduction from EIMP-S i to EIMP-S ends in polynomial time because it only needs k additions. The above proves that the special case EIMP-S of EIMP is an NP-hard problem. Therefore, the problem EIMP is NP-hard.
VI. SOLUTION
We have proved that EIMP is NP-hard, then an approximation algorithm could be used to solve this problem. Conventional VOLUME 7, 2019 solutions can't satisfy the platform's performance guarantee. But fortunately we find that EIMP could be transformed into a maximizing monotone submodular set function which is subjected to two partition matroid constraints. Previous work has proved that a greedy algorithm with constant approximation ratio could solve the maximizing monotone submodular set function subject to partition matroid. Then we propose the solution to EIMP and show that it also has a constant approximation ratio.
A. PARTITION MATROID CASTING
The goal of EIMP is to select a proper subset S i from the advertisement set A for each user. Then EIMP could be rewritten through using x ij to indicate whether user i accepts the advertisement j. That is:
The ground set E in the matroid could be written as E = {x ij |i = 1, 2, . . . , N , j = 1, 2, . . . , K }. In actual fact, E is a finite nonempty set. Next we will transform the two constraints of EIMP into two partition matroid constraints.
1) DURATION TIME CONSTRAINT
The first constraint of EIMP (Eq. (3)) means that the total show time of advertisements accepted by each user couldn't exceed the user's duration time. Then we could partition the ground set E into N disjoint sets where each set means a user:
where E i = {x i1 , x i2 , . . . , x iK }. Then the independent set L1 could be
For k∈X ∩E i τ k ≤ d i , divide both sides by the minimum τ like this:
That is:
Because τ k min τ ≥ 1, then we get
So the Eq.(12) could be written as
At this point, the first constraint of EIMP (Eq.(3)) has been transformed into the partition matroid constraint (E, L1).
2) ADVERTISEMENT BUDGET CONSTRAINT
As shown in Eq.(4), the meaning of the second constraint of EIMP is that there is a limitation on the number for each kind of advertisements owning to the budget constraint. Then we could partition the ground set E into K disjoint sets where each set means a kind of advertisement:
where E j = {x 1j , x 2j , . . . , x Nj }. Then the independent set L2 could be given by
Accordingly the partition matroid constraint (E, L2) could be used to replace the second constraint of EIMP (Eq. (4)).
3) TRANSFORMED EIMP
After the two partition matroid transformations, EIMP could be transformed into the problem EIMP-T.
Definition 8 (Transformed EIMP(EIMP-T)): Given a ground set E
= {x ij |i = 1, 2, . . . , N , j = 1, 2, . .
. , K } which is subject to two partition matroid constraints (E, L1) and (E, L2), find a subset S(S ⊆ E,S ∈ L1 ∩ L2) to maximize the expected income of the platform:
max S⊆E {f (S) = x ij ∈S a j i (c j − r j i ) : S ∈ L1 ∩ L2,
(E, L1) and (E, L2) are matroids} (18)

B. SUBMODULARITY ANALYSIS
In this subsection, we will show that the set function f (S) in the EIMP-T is a maximizing monotone submodular set function.
Theorem 2: Given a ground set E and a subset S(S ⊆ E), the set function f (S) is a maximizing monotone submodular set function.
Proof: (i) Firstly, f (∅) = 0. S = ∅ means that no advertisement has been assigned to users. Accordingly users will not get rewards and the advertisement platform will not achieve the payments.
(ii) Next two arbitrary subset X and Y (X ⊆ Y ⊆ E) and one arbitrary element x mn which satisfies x mn ∈ E\Y are used. Eq. (19) and Eq.(20) could be derived from Eq. (18) .
When adding x mn into X and Y respectively, there are 
After adding x mn into X , the difference between f (X ∪ {x mn }) and f (X ) is Eq. (21) − Eq. (19) :
It also applies to the difference between f (Y ∪ {x mn }) and f (Y ) after adding x mn into Y :
1) MONOTONE
As shown in Eq. (23) and Eq.(24), owning to c n ≥ r n m , we could clearly see that
Consequently, f (S) is a monotone increasing function.
2) DECREASING RETURN
Using Eq. (24) to subtract Eq. (23) we could get: (27) Because the known assumption X ⊆ Y then it's found that f (S) satisfies the decreasing return rule.
In summary, f (S) is a maximizing monotone submodular set function.
C. OUR SOLUTION 1) ALGORITHM
As shown in Algorithm 1, we propose a heuristic algorithm TIMAO (Time-sensitive Mobile Advertisement Offloading) to solve the EIMP-T. The basic idea of TIMAO is to greedily select the currently optimal element in the ground set E to maximize function f : Firstly, we need to input the basic setups such as the advertisement set A, user set U , payment set {c 1 , c 2 , . . . , c K }, reward matrix R, user type set θ and budget set β. Then initialize S ← ∅. In the line 2-6 of Algorithm 1, for each element in the ground set E, compute the expected income u ij per unit time if user i accepts the advertisement j with an accepting probability a ij :
Then we apply the most important step called procedure SCOE (Search the Currently Optimal Element form the Ground Set E) to achieve the final result. In the SCOE, first we sort these single user's expected income values into q according to the descending order. Next test the element in the q one by one. As shown in the line 4-8 in the Procedure of SCOE, when adding the testing element into the set S , for example x mn , the total show time of advertisements that user m has accepted doesn't exceed the user m's duration time and the number of advertisement n is sufficient, then add this element into S . These tests are made from time to time until all the elements have been tested.
Finally we get the output set S and know how to offload advertisements to the corresponding user.
2) ALGORITHM ANALYSIS
Reference [38] gave the first constant-factor approximation algorithm for maximizing any non-negative submodular function subject to multiple matroid or knapsack constraints, but it focused on the non-monotone submodular functions. There is a constant approximation ratio (1 − 1/e) according to the previous work [32] , [39] , [40] when maximizing a monotone submodular function subject to a matroid or multiple knapsack constraints. And [39] provided a ( 1 k+1 )-approximation algorithm when considering the maximization of monotone submodular functions over k matroid constraints. As is known, it's the best ratio to this day even in the special case of partition matroid constraints. Since we have proved that our problem is a monotone submodular set function subject to two partition matroid constraints, a simple and efficient greedy algorithm TIMAO could be used to solve it and it has a constant approximation ratio of 1/3. Moreover, considering the complexity of our algorithm, the running time of TIMAO is O(NK ) where N is the number of users and K is the number of advertisement kinds. There are two main parts in our algorithm TIMAO. The first part is the calculation of the expected income per unit time of the platform if the user accepts the advertisement. The time cost of this part is O(NK ). The second part SCOE procedure is a greedy selection process and its time cost is also O(NK ) because there are N * K elements in the ground set E. In summary, the time complexity of TIMAO is O(NK ).
VII. EVALUATION
We show the evaluation results to prove the effectiveness of TIMAO through using substantial factor setups. In the first part, the random selection method and the optimal method are used as comparisons. The results show that within an efficient time duty cycle, TIMAO could increase the expected income of the platform by about two times and achieve 99.2% of the near optimal results obtained by the CPLEX tool-box. In the second part, we explore the relationship between the time length distribution and the profitability of advertisement.
The experiment scene is firstly conducted in the MATLAB. Assume that there are N users moving around in a certain area where they can receive advertisements from the advertising platform. The mobile advertising platform owns K kinds of advertisements that could be distributed. User's duration time in the nearby distribution infrastructure is subject to the uniform distribution U [1, 15] . And user's interest in advertisement follows the uniform distribution U [0, 1]. In addition, each kind of advertisement has a budget limit that is evenly distributed on U [0, 30] . Correspondingly the cost of each type of advertisement is subject to the uniform distribution U [0, 10].
A. THE EXPECTED INCOME AND TIME DUTY CYCLE AFFECTED BY DIFFERENT NUMBERS OF USER AND ADVERTISEMENT
The advertisement's show time in this experimental part is subject to the uniform distribution U [1, 4] . The number of advertisement's kinds K is taken from 50 to 500 at intervals of 50. To study the impact of the user's topological range on advertising income, the number of users N is also selected from 50 to 500 with the interval of 50. For comparison, the random selection method that randomly distributes advertisements to users regardless of priority is also conducted. In order to better reflect the advantages of our method, we use the oracle to obtain the optimal results as a comparison. Due to the limitations of storage space and computational efficiency, the method of obtaining an optimal result by exhaustive search is very difficult to implement. Therefore in our experiments, CPLEX tool-box is used as a reasonably good method to achieve the optimal results. Please note that the optimal results mentioned below refer to the optimal results achieved by mathematical software. The error bars in the figures below represent the maximum/minimum values for each set of parameters while running 50 times.
While maximizing the expected income of the advertising platform, we need to explore the change of expected income and the time duty cycle of users. The time duty cycle is to evaluate the advertising efficiency during the duration time for each user. It's a ratio calculated by the total display time of user's accepting advertisements compared with the duration time of the user.
1) THE EXPECTED INCOME OF PLATFORM
On the whole, Fig. 3 and Fig. 4 show that TIMAO method could make the platform's expected income to be almost twice the random selection method, and very close to the optimal value.
a: THE IMPACT OF THE NUMBER OF ADVERTISEMENT'S KINDS
First we investigate the impact of the number of advertisement's kinds on the expected income of mobile advertising platform. The numbers of users are set as 300, 400 and 500 respectively. Then when the number of advertisement kinds are set as 50, 100, 150, 200, 250, 300, 350, 400, 450 and 500, we observe the change of platform's expected income. It can be seen from Fig. 3 that the expected income of the platform linearly increases with the increasing number of advertisement kinds. This may also be related to the setting of parameters in the experiment. It should be that the user's duration time is set to be relatively large. All of advertisements satisfying the duration time conditions could be accepted, such that the user's duration time constraint does not play a significant role. Therefore as the number of advertisement kinds increases, the expected income of the platform has also greatly increased.
b: THE IMPACT OF THE NUMBER OF USERS
Next is how the number of users will affect the expected income of the mobile advertising platform. We set the numbers of the advertisement kinds as 300, 400 and 500 respectively. When the number of users are 50, 100, 150, 200, 250, 300, 350, 400, 450 and 500, we observe how the platform's expected income changes. As the Fig. 4 shows, as users become more and more, the expected income of the platform also gradually increases, but the growth trend gradually slows down. This is because the user reaches a certain amount, the advertisements that advertiser can provide have already been distributed, and cannot satisfy the needs of more users.
2) THE TIME DUTY CYCLE OF USERS
In general, as shown in the Fig. 5 and Fig. 6 , we can clearly see that using TIMAO method makes the time duty cycle near the optimal results and increasing by 10% compared to the random selection. This means that TIMAO could make the expected income of the platform increase greatly with a better time efficiency.
a: THE IMPACT OF THE NUMBER OF USERS
The numbers of advertisement kinds are set as 300, 400 and 500 respectively. Fig. 5 shows how the number of users impact on the time duty cycle as the number of users changing from 50 to 500 at an interval of 50. We can find that the time duty cycle gradually decreases as the number of users increases. This situation is in our expectation. The number of users is increasing, but the total number of advertisements that can be allocated is fixed. Therefore the number of advertisements that could be assigned to each user will be reduced accordingly. This means that the total display time of the advertisements presented to the user will also be reduced, so the user's time duty cycle will be reduced accordingly.
b: THE IMPACT OF THE NUMBER OF ADVERTISEMENT'S KINDS
Furthermore, when the number of users is fixed, we explore the change of time duty cycle when the number of advertisement kinds increases from 50 to 500 at intervals of 50. As shown in Fig. 6 , it could be found that as the number of advertisement kinds increases, the time duty ratio gradually increases. This is because the number of advertisements each user could be distributed will increase. And from Fig. 5 and Fig. 6 , we can also find that, when the number of users is small and the number of advertisement kinds is large, the duty cycle could approach 1, which indicates that the number of advertisements at this time is far greater than the user needs.
B. THE PROFITABILITY AFFECTED BY THE DISTRIBUTION OF AD'S TIME LENGTH.
We have also explored the impact of the time length of advertisements on the expected income efficiency of advertisements when they are subject to different distributions which we don't consider in our previous work [41] . In this experimental part, each ad's budget is randomly distributed in [1, 50] and each user's duration time follows the random distribution on [1, 15] . Each group pf parameters are tested 100 times.
We mainly observe the profitability of advertising for different lengths of time, which means the expected income on advertisements per unit of time. The efficiency of expected income for different time length of advertisements when the numbers of advertisements are 100, 300 and 500, the number of users is 300 and the time length of ads is subject to a normal distribution N(4, 1).
1) THE IMPACT OF THE NUMBER OF ADS.
Firstly the number of users is set to 300. The time length of advertisement is subject to a normal distribution N (4, 1).
As shown in the Fig. 7 , we could see the time lengths of ads are 1,2,3,4,5,6,7 and 8 respectively. We also set the number of advertisements as 100, 300 and 500 respectively. From the Fig. 7 , no matter how many ads, the advertisements with shorter time length are more profitable, especially when the time length is 1. One intuitive reason is that ads with shorter time length are more acceptable to users.
2) THE IMPACT OF THE TIME LENGTH'S DISTRIBUTION OF ADS.
Then we set the number of users and advertisements as 100. The time lengths of advertisements are subject to normal distributions N (4, 1), N (6, 3) , N (8, 3) respectively. As shown in the Fig. 8 , when the mean parameter of the normal distribution is larger, advertisements of larger time length also appear. But the different parameters don't have much effect on the overall trend of the efficiency of expected income. We could clearly see that the advertisements with shorter time length are more profitable. This gives a guiding opinion that advertisers should try to distribute short-term advertisements in order to get higher incomes.
VIII. CONCLUSION AND FUTURE DIRECTIONS
In this paper, we propose the advertisement platformars expected income maximization problem (EIMP) while considering the time sensitivity of both advertisements and users, and then prove the NP-hardness of EIMP. Because EIMP is a combination of the 0-1 multi-dimensional and multiple knapsack problem, which makes the problem even harder. In dealing with this difficulty, we fortunately find that EIMP could be transformed into a maximizing monotone submodular set function, which is subject to partition matroid constraints. Then a simple but effective greedy algorithm TIMAO is proposed to provide a performance guarantee with a constant approximation ratio of 1/3. Evaluations results show that TIMAO has good performance in improving expected income and time duty cycle. In the continued work, real trace-data sets will be used to replace the assumptions and make sure the effectiveness of TIMAO. In addition, we will also modify our model to increase the impact of userars historical behavior and previous decisions on the subsequent decisions.
